This paper proposes fuzzy multi-criteria decision-making approach integrated with fuzzy real option value theory. The applicability of the proposed method was shown on a real-world supermarket location selection problem. Based on the interviews with the experts, the evaluation criteria for retail location selection were identi¯ed. Then the network for fuzzy analytic network process (ANP) method was constructed. The fuzzy real option value for each alternative was calculated and used in the proposed approach as the representative of thē nancial dimension. Finally, the preference ranking of alternatives and the relative importance of the criteria were obtained. The signi¯cant contribution of the proposed approach is that it integrates the¯nancial dimension (FROV) of the location problem methodologically with the multi-criteria characteristic (FANP) of the problem. Another importance of this study is thē rst usage of real options valuation in the area of location selection science.
Introduction
Facility location decision is a key element in any organization's strategic plan and often has a great e®ect on overall success of the¯rm. Location selection decisions are of high priority since such decisions involve long-term commitment of resources and generally represent a substantial investment which may a®ect the long-term pro¯tability and sustainability of the¯rm. Another important property of the location selection decisions is that they are usually irreversible. Location analysis refers to the modeling, formulation and solution of class problems that can be de¯ned as placing facilities in some given space. Location selection of public and private sector facilities such as plants, warehouses, retail outlets, terminals, storage yards, distribution centers, hospitals, police stations, etc. are examples of facility location problems.
The irreversibility of location selection decisions needs to be evaluated by a more complex method. Current engineering economy techniques (net present worth, decision tree method, etc.) usually discuss the returnable investment projects. Option based real options valuation overcomes these inadequacies. Real options give a right but not an obligation to make or not to make an investment for a certain period. For instance, investing in the expansion of a¯rm's factory gives the company the right to produce more but not the obligation. In addition, any investment can be postponed by utilizing real options.
Although the facility location decisions usually depend on the type of the business, there are many di®erent approaches and techniques used in location selection literature. The use of each model or technique depends on the type of the problem on hand. For example, the factory location problems may involve a di®erent set of criteria or objectives when compared to the retail location problems. Facility location problems are solved to minimize the total cost of serving all customers whereas retail location problems focus on how to identify a location that can maximize the number of the customers. The classi¯cation of the techniques and models used in location analysis can be done in a variety of ways. For di®erent classi¯cation of techniques and models and for more details, see Refs. 1À4. The formulation and solution of each technique and model vary widely in terms of fundamental assumptions, mathematical complexity and computational performance. In general we can classify the location analysis approaches into two main categories: mathematical programming models (network, continuous, discrete models) and multi-criteria methods (simple additive weighting, analytic hierarchy process (AHP), analytic network process (ANP), TOPSIS), and sales forecasting models (time series methods, econometric methods, etc.).
Mathematical models use linear programming, integer programming, nonlinear programming, goal programming and dynamic programming to¯nd the optimal location. The aim of these models is to maximize the utilization of the sources and minimize the overall cost and/or maximize the pro¯t. Mathematical models can be either static-and-deterministic models or dynamic-and-stochastic models. Multicriteria methods deal with the ranking and selection of one or more location sites from the alternatives. The appropriateness or suitability of a location mostly depends on the factors that are selected and evaluated together with their e®ects on organization's objectives and operations. The mathematical models and their extensions usually take into consideration a few factors and one or two objectives. Since the mathematical models seek optimal solutions as the number of the alternatives and objectives increase, the complexity of the problem increases which results in a long solution procedure di±cult to solve and may sometimes give no feasible solution. Due to the reason that location selection problem encompasses several independent criteria and each criterion has numerous detailed sub-criteria, location selection is a typical multiple criteria decision-making problem which requires both quantitative and qualitative factors to be evaluated.
The main problem for qualitative criteria is that, the values for such criteria are often imprecisely de¯ned for the decision makers. In the evaluation of the qualitative criteria, the desired value and the weight of importance for the criteria are usually de¯ned in linguistic terms. In crisp or conventional methods, it is di±cult to express the character and signi¯cance of criteria exactly or clearly. 5 The conventional approaches tend to be less e®ective in dealing with the imprecision or vagueness nature of the linguistic assessment. 6 Due to this reason, the use of the fuzzy set theory and multi-criteria approach for evaluating location selection factors seems more convenient by allowing decision makers to express their ideas more adequately.
In this study, we present a fuzzy multi-criteria decision-making (MCDM) approach for location selection which we think this fuzzy model is more e®ective than the traditional ones. We propose a new model that integrates the vagueness of investment analysis and qualitative criteria of location selection. Vagueness and irreversibility of location selection are investigated by fuzzy real options analysis. We choose fuzzy ANP because this method takes both qualitative and quantitative criteria into account and considers dependency among criteria. Fuzzy real options valuation (FROV) by trinomial lattice approach is integrated to fuzzy ANP as a quantitative criterion. The main contribution of this study is the¯rst use of FROV together with the fuzzy ANP method. Although fuzzy ANP and FROV methods have been widely applied in many real life problems separately, they have never been used together in such an integrated manner. We also think that this proposed approach makes a signi¯cant contribution to the location selection literature since the proposed method takes into account the two important characteristics of location selection problems which are¯nancial evaluation (FROV) and multi-criteria evaluation (FANP).
The organization of the paper is as follows. In Sec. 2, a literature review on fuzzy multi-criteria methods for location selection is given. In Sec. 3, the fuzzy analytic network process (FANP), and in Sec. 4, FROV are presented. In Sec. 5, the proposed model for location selection is presented. In Sec. 6, an application of the proposed model for a retail location selection is given. Finally the conclusions are presented.
Literature Review: Fuzzy Multi-Criteria Approaches to Location Selection
Humans are more successful and e±cient in making qualitative forecasting in comparison to making quantitative predictions. Since fuzzy linguistic models allow the transformation of verbal expressions into numerical ones, multi-attribute methods based on fuzzy sets are used to deal quantitatively with the imprecision in the expression of the importance of each criterion. 6 Applications of the fuzzy set theory in MCDM are usually the extensions or fuzzi¯cation of the crisp ones.
In Ref. 7, they propose a decision support system for location selection of a convenience store which integrates the fuzzy set theory with the AHP. Reference 8 proposes a multiple criteria decision-making method for locating distribution centers under fuzzy environment. In this method, the weight of each criterion and the rating of alternatives described as triangular fuzzy numbers linguistically. After calculating the di®erence of¯nal evaluation value among each pair of distribution center locations, a fuzzy preference relation matrix is constructed to represent the intensity of the preferences of one location over another. Finally a stepwise ranking procedure is used to¯nd the ranking order of all candidate locations. One can deduce from Ref. 9 that examination of the usefulness of fuzzy AHP in the evaluation of site selection for convenient stores and its in°uence on the prediction accuracy of neurobased location selection system are o®ered. The authors conclude that the fuzzy AHP is really constructive and useful for weighting and sieving decision factors. Reference 10 develops a decision support system for locating convenience store which consists of hierarchical structure development for fuzzy AHP, weight determination, data collection and decision making. Reference 11 applies fuzzy TOPSIS approach for selecting plant location, where the ratings of various alternative locations under various criteria and the weights of various criteria are assessed in linguistic terms represented by fuzzy numbers.
In Ref. 6 , the authors present four di®erent fuzzy multi-attribute decision making approaches which are Ref. 12's fuzzy relations method, fuzzy synthetic evaluation, Ref. 13's weighted goal method and fuzzy AHP proposed by Ref. 14. All these approaches are used for selecting the best facility location alternative by taking into account both quantitative and qualitative criteria. The authors also present a short comparative analysis among the approaches and a numeric example to each approach is given. Reference 15 presents a fuzzy multiple criteria decisionmaking method for selecting the most suitable location of reverse logistics reprocessing center. Their approach consists of two stages. In the¯rst stage, they evaluate a certain alternative with fuzzy evaluation method. In the second stage, they evaluate other alternatives and choose the best suitable alternative by using fuzzy AHP. Reference 16 proposes a new multiple criteria decision-making method in order to solve the location of base station problem under fuzzy environment. The proposed method allows decision makers to determine the ranking of alternatives and also to indicate the degree of preference of each pair of alternatives. They also claim that their method is more suitable and e®ective in dealing with subjective judgments in an imprecise environment. Reference 17 proposes a new fuzzy TOPSIS method for location selection. In this approach, to avoid complicated fuzzy arithmetic operations, the linguistic variables, which are represented by triangular fuzzy numbers, are transformed into crisp numbers based on graded mean representation. The canonical representation of multiplication operations on triangular fuzzy numbers is used to obtain the positive ideal solution and the negative ideal solution. The closeness e±cient is de¯ned to determine the ranking order of all alternatives.
In Ref. 5 , the authors propose a new fuzzy multiple attribute decision-making method which integrates the fuzzy set theory, the factor rating system and simple additive weighting to evaluate facility location alternatives. Their approach produces an overall desirability score for each alternative and also does not insist on consensus but rather synthesizes a representative outcome from decision makers judgments. Reference 18 applies a combined AHP and fuzzy TOPSIS method for transshipment site selection. Fuzzy TOPSIS is used to select a solid waste transshipment site for ranking the alternative sites and the AHP is applied to calculate the criteria weights. Reference 19 applies fuzzy AHP based on Ref. 14's extent analysis method for location selection. They give a numerical example and a sensitivity analysis for their example. Reference 20 presents a comparison of fuzzy AHP and fuzzy TOPSIS methods for facility location selection. They apply both methods for location selection of a textile company in Turkey. They also present the similarities and di®erences of both methods clearly.
In Ref. 21 , the authors propose a fuzzy TOPSIS method for distribution center location selection. Their fuzzy TOPSIS method is based on -level sets. They claim that their proposed method is more e±cient and reasonable than the other methods. Reference 22 applies fuzzy ANP method which is based on Ref. 14's extent analysis method for shipyard location selection. Reference 23 also uses fuzzy ANP method for selecting the location of a regional hospital in Taiwan. In their approach, instead of the classical eigenvector prioritization method which is employed in the prioritization stage of the ANP, they apply a fuzzy preference programming method, which obtains crisp priorities from inconsistent interval and fuzzy judgments. Reference 24 proposes a combined MCDM method for shopping site selection which includes the usage of fuzzy AHP for assigning the weights of criteria and fuzzy TOPSIS for the determination of the most suitable alternative. Reference 25 uses generalized Choquet integral as a multi-criteria method for warehouse location selection. The important property of Choquet integral is that it includes interactions between criteria as ANP does.
Fuzzy Analytic Network Process (FANP)
Both AHP and ANP were developed by Saaty in Refs. 26 and 27 which can be used for examining hierarchy and network model representations. AHP and ANP mainly focus on how to solve decision problems with uncertainty and with multiple criteria characteristics by decomposing a complex MCDM problem into a hierarchy. They both incorporate the evaluations of all decision makers into a¯nal decision, without having to elicit their utility functions on subjective and objective criteria, by pairwise comparisons of alternatives.
The ANP, the general form of AHP, is a comprehensive decision-making technique that captures the outcome of dependence and feedback within and between clusters of elements. AHP represents a framework based on a unidirectional hierarchical relationship whereas ANP permits more complex interrelationships among decision levels and attributes. Not only does the importance of the criteria determine the importance of the alternatives as in a hierarchy, but also the importance of alternatives may in°uence the importance of the criteria. 27 The main advantage of ANP over AHP is that ANP does not require strictly hierarchical structure and therefore can treat problems having complex interrelationships among criteria so that it can handle the complexities of real-world problems, see Refs. 28 and 29, for more details. Figure 1 illustrates a hierarchy and a network with interrelationships among criteria and feedback between factors of a complex structure.
The algorithmic procedure or steps of the ANP method is similar to the AHP. ANP has four basic steps which are deconstructing a problem into a complete set of network models, generating pairwise comparisons to estimate priorities at each level, building a supermatrix to represent the in°uence priority of elements and making decisions based on the supermatrix. The main di®erence is that, in ANP method, the supermatrix concept which resembles the Markov chain process is used. 27 This supermatrix handles the interdependence characteristics among elements and components. To obtain global priorities in a system with interdependent in°uences, the local priority vectors are added to the appropriate columns of a matrix, known as a supermatrix. A supermatrix is actually a segmented matrix, in which each matrix partition denotes a relationship between the two nodes in a system.
Conventional ANP method cannot consider the uncertainty in human judgments. In addition to this, human assessment on qualitative criteria is subjective and thus imprecise. In order to overcome this, the fuzzy set theory is the most convenient and mostly applied approach. Fuzzy ANP is an extension of crisp ANP in which fuzzy sets are incorporated with the pairwise comparisons to model the uncertainty in human judgment and preference. There are some fuzzy ANP methods proposed by various authors. These methods are systematic approaches to the alternative selection and justi¯cation problem by using the concepts of the fuzzy set theory and hierarchical structure analysis. The methods di®er from each other mainly in deriving priorities from fuzzy pairwise comparison matrices. One of the fuzzy ANP approaches is the one that is based on Ref. 14's extent analysis method. In this approach, a simple arithmetic mean algorithm is used for deriving fuzzy priorities from comparison matrices whose elements are de¯ned as triangular fuzzy numbers. Although the computational procedure or the steps of this approach is much easier than the other fuzzy ANP approaches, the drawback of this method is that it is possible to obtain the value of zero for initial weights or local priorities to some elements of the decision structure. Such a computed zero local priority may cause some paths of interactions not to be considered in the supermatrix calculations. 30 In Refs. 31 and 32, the authors propose a fuzzy extension of ANP which obtains crisp priorities from crisp, interval and fuzzy judgments using a technique called fuzzy preference programming (FPP). Reference 33 states that this approach does not require the construction of fuzzy comparison matrices and can derive priorities from an incomplete set of fuzzy judgments. The proposed approach is also invariant to the speci¯c form of the fuzzy sets used to represent the judgments, and can be applied when some of the judgments are represented as intervals or crisp values. By using -cuts, the initial fuzzy judgments are transformed into a series of interval judgments. The fuzzy preference programming method is employed to derive crisp priorities from the interval judgments, corresponding to each -cut level, thus eliminating the need for an additional fuzzy ranking procedure. A simple aggregation is then used to obtain crisp overall values of the priorities. Finally, a nonlinear modi¯cation of the FPP method is proposed for a direct assessment of priorities without decomposing the fuzzy judgments by -cut. The main drawback of this approach is that each comparison matrix must be constructed as an individual FPP model and thus the complexity of solving a network structure problem by the FPP technique is proportional to the number of the comparison matrices. 34 To overcome this disadvantage, Ref. 34 proposes a multiple objective programming approach for the ANP to obtain all local priorities for crisp or interval judgments at one time. The main advantages of this approach are that the priorities of all comparison matrices are obtained simultaneously and the limiting supermatrix is obtained with less power.
The studies related to fuzzy ANP are limited in comparison to fuzzy AHP because of the computational complexity of the fuzzy ANP methods. Reference 35 presents a fuzzy optimization model for quality function deployment (QFD) planning using analytic network approach. They apply an integrated fuzzy ANP approach which is based on Ref. 14's extent analysis method to formulate and solve quality function deployment problems. Reference 36 uses fuzzy ANP method to model the dynamic nature of manufacturing performance and its relationship to the environmental practices. Reference 37 proposes a fuzzy ANP approach to evaluate the cooperation risk of virtual logistics enterprise. They use Ref. 14's extent analysis method and with a numerical example show the appropriateness and e±ciency of the fuzzy ANP in cooperation risk evaluation.
In Ref. 38 , the authors develop a fuzzy ANP model based on the approach of Refs. 31 and 32 for selecting the best dispatching rule with respect to multiple criteria and system conditions. They also apply the model in a company to prove the applicability of their model. Reference 30 presents a fuzzy ANP approach for selecting third party logistics service suppliers and apply their approach to an experimental example. Reference 39 uses fuzzy ANP for selecting best competitive priority for a manufacturing¯rm to build up its most critical competitive priority through cleaner production implementation. They claim that their proposed approach serves as a guideline to managers in focusing on manufacturing decisions. Reference 40 presents a fuzzy ANP-based approach to transportation-mode selection between Turkey and Germany. In their study, a decision-making group from di®erent management levels and from di®erent functional areas related to transportation activities are brought together to evaluate criteria and alternative nodes. They apply their model to a¯rm and compare the results of the fuzzy ANP results and the current preferences of the company. Reference 41 uses fuzzy ANP-based model to identify and determine the factors that cause faulty behavior risk in work system safety. They apply their model to two di®erent work systems and compare the results. Reference 42 applies fuzzy ANP method in production line selection evaluation indices system in ERP. They use fuzzy ANP for calculating the weights of factors and sub-factors of the model. Reference 43 applies a fuzzy ANP approach based on Ref. 14's extent analysis method to identify the main determinants of organizational readiness of a¯rm to implement an ERP project.
In Ref. 44 , the authors present an intelligent approach for machine tool selection by using fuzzy ANP. They apply preference ratio analysis to the results of the fuzzy ANP to reach a¯nal solution. Reference 45 presents a fuzzy approach for selecting material handling equipment. Their approach includes both fuzzy ANP and fuzzy TOPSIS methods. They use fuzzy ANP for determining the weights of the criteria, and use fuzzy TOPSIS for selecting the best alternative.
In this study we use Ref. 46 's method for deriving the priorities from pairwise comparisons. Arithmetic procedure for the fuzzy ANP method based on Ref. 46 's approach is given in the following steps:
Step 1. Model construction and problem structuring. The fuzzy ANP decision problem consists of (1) alternatives, M i ði ¼ 1; 2; . . . ; mÞ, (2) a set of evaluation criteria, C j ðj ¼ 1; 2; . . . ; nÞ, (3) a linguistic judgment a ij representing the relative importance of each criteria, (4) a weighting vector, w ¼ ðw 1 ; w 2 ; . . . ; w n Þ. In this¯rst step, the network consisting of all the criteria, the alternatives, and the relations are formed. This step is crucial since the selected criteria and de¯ned relations can a®ect the result.
Step 2. Construction and evaluation of the fuzzy pairwise comparison matrix. Each pairwise comparison is performed by using linguistic terms. Each linguistic term is expressed by a triangular fuzzy number denoted asÑ ¼ ðn 1 ; n 2 ; n 3 Þ and shown in Table 1 .
In Ref. 46 's approach, the negative judgment is treated as the reversed order or the inverse of the fuzzy number of the positive judgment.
Step 3. Calculating the fuzzy priorities and defuzzi¯cation. The fuzzy priority of each attribute or criterion is calculated.
Since the fuzzy priority values are represented as fuzzy numbers, it is necessary to transform these fuzzy values into crisp values. Various defuzzi¯cation methods are available and the center of area method is applied for defuzzi¯cation which can be given as below:
where Z ðÑ i Þ represents the value of the fuzzy mean of the TFN,Ñ i .
Step 4. Supermatrix formation and evaluation. After the defuzzi¯cation of the fuzzy values of the local priorities which are generated from pairwise comparisons, these crisp values are placed into the appropriate positions in the supermatrix. In the supermatrix, each element is represented at one row and one respective column. Let a decision system be C k , k ¼ 1; 2; . . . ; n and each component k has m k elements, denoted by e k1 ; e k2 ; . . . ; e km k . The in°uence of set of elements in one component on another is represented by a priority vector obtained from pairwise comparisons. 
ð3:2Þ
This supermatrix is a partitioned matrix and its each part represents a relationship between two components or clusters in the system. Since this matrix must be stochastic, column normalization is applied and the weighted supermatrix is obtained. The weighted supermatrix is then raised to a signi¯cantly large power in order to have the converged or limiting values. The values of this limit matrix are the desired priorities or the¯nal weights of the elements of the decision network. The limit supermatrix has the same form as the weighted supermatrix with the only di®erence that all its columns are the same. Finally, the alternatives are ranked according to their priority weights with respect to the goal and the one with the highest priority weight is selected.
Fuzzy Real Options Valuation (FROV)
An option is de¯ned as the right, but not the obligation, to buy (if a call) or sell (if a put) a nominated asset by paying a preset price on or before a speci¯ed date. In nancial options there are six basic managerial options; option to defer, option to abandon, option to switch, option to expand, option to grow, option to stage. Real options are based on¯nancial options. In this study, option to grow-based real option calculation is used. However, the nature of real options involves permanent,¯xed or immovable assets. In contrast to¯nancial options, real options are not tradable À À À e.g., the factory owner cannot sell the right to extend his factory to another party, he can only make this decision. The valuation of real options necessitates a real option analysis (ROA). The key advantage and value of ROA is to integrate managerial°e xibility into the valuation process and thereby assist in making the best decisions. 47 There are three valuation methods for real options: (i) Partial di®erential equations (the most famous one is BlackÀScholes formula 48 ), (ii) Simulations (Monte Carlo), (iii) Lattices (binomial, trinomial, etc.). Partial di®erential equation methods necessitate the solution of a partial di®erential equation with speci¯ed boundary conditions (i.e., option values at speci¯ed periods, type of option, etc.). Reference 48 o®ers the valuation method which is based on partial di®erential equations. Reference 49 proposes Monte Carlo simulation approach for¯nancial options built on the insight that whatever the distribution of stock value would be at the time the option expired. The distribution is determined by operations driven by the activities of the asset value between now and the expiration date. Reference 50 develops a simpli¯ed option pricing model (the binomial options pricing model) based on a discrete-time approach. Later trinomial tree method is developed for more complex situations.
In daily life, real circumstances are very often uncertain and vague in several ways. When there is a lack of information or no voluntary¯nancial data out the company, a system might not be known completely. Reference 51 suggests a strict mathematical outline named fuzzy set theory that overcomes these inadequacies. Many engineering and decision problems implemented classes of groupings of data with boundaries, which are not explained exactly, can be simpli¯ed by the fuzzy set theory. The fuzzy approach to ROV is¯rst studied in Ref. 52 Making a decision of investing on a location in retailer sector is similar to purchasing of an option on a future investment with the di®erence that it is a real investment. The nature of the investment in location selection decisions is discrete and you have to decide whether to carry on the option or exercise it every year. Since there is a lack of data or vagueness fuzzy real option analysis is needed. In real option analysis lattice models for evaluating the alternatives are¯t like a glove for this type of investment.
In lattice models binomial tree method is developed in Ref. 50 for pricing the options simply. Later trinomial tree method is developed for more complex situations. Trinomial tree method provides much better approximation to the continuous time process than the binomial lattice for the same number of steps. The trinomial tree is easier to work with because of its more regular grid and it is more°exible, allowing relatively easy extension to time-varying drift and volatility parameters. 56 In this section, we¯rst present general form of the trinomial tree model as illustrated in Ref. 56 . Then, the fuzzy forms of these representations will be developed for the case of incomplete data or vagueness. The trinomial tree approach is equivalent to the explicit¯nite di®erence method introduced in Ref. 57 and it is illustrated in Fig. 2 . Suppose that p u , p m , and p d are the probabilities of up, middle, and down movements at each node and Át is the length of the time step. Dividend paying stocks' real option valuation techniques for binomial lattices are evaluated in Ref. 58 . For a dividend paying stock in trinomial lattice, parameter values that match the mean and standard deviation of price changes are as follows 56 : where points out the uncertainty of expected cash°ows, r quanti¯es the annualized continuously compounded rate on a safe asset, illustrates the value lost over the duration of the option, and u depicts the proportional up movement, vice versa d depicts the proportional down movement of cash°ow in a trinomial model. Computations for a trinomial tree lattice are similar to those for a binomial tree. At time zero, the present value of expected cash°ows, S 0 is known. At time Át, there are three possible S 0 values, S 0 u, S 0 , and S 0 d; at time 2Át, there are¯ve possible S 0 values, S 0 u 2 , S 0 u, S 0 ; S 0 d, and S 0 d 2 ; and so on. In general, at time iÁt, 2i þ 1 S 0 values are considered. These are:
8Þ
Notice that the u ¼ 1 Ä d relationship is used in computing the S 0 value at each node of the tree in Fig. 2 . For example, S 0 u À2 ¼ S 0 d 2 . Real option valuations by lattice methods are evaluated by starting with the end of the tree (time T ) and working backward. The value of the real option is known at time T . Let us express the approach algebraically. Because the value of the real option at its expiration date is max (0, S i;j À X), we know that c T ;j ¼ maxð0; S T ;j À XÞ; j ¼ ÀT ; . . . ; 0; . . . ; T :
ð4:9Þ
After computing the c T ;j values (no early exercise), c i;j values at each node could be calculated by the formula below:
for 0 i T À 1 and Ài j i. When early exercise is considered, this value for c i;j must be compared with the option's intrinsic value, and we obtain:
In case of incomplete data or vagueness, all the calculations are same, but S 0 (the present value of expected cash°ows), and X (the nominal value of stationary costs) will be integrated to these formulas in a fuzzy form (S 0 , X). In this way, Eq. 
The Proposed Approach
In the literature, for location selection problems multi-criteria methods and economical evaluation methods are used separately. In this proposed approach, location selection problem is handled by ANP which takes into account both qualitative and quantitative criteria. The real options valuation method is applied for evaluating the irreversible economical factors and is used in the decision network as a criteria cluster. The fuzzy forms of ANP and real options methods are integrated in the proposed approach. The main contribution of this model is that it integrates both economical and the multi-criteria evaluation for location selection problem. 
Algorithm of the model
The algorithmic procedure for the proposed approach is as follows:
Step 1. Construct the pairwise comparison matrix containing fuzzy numbers obtained from questionnaires as follows: ð5:1Þ whereã ij ¼ 1 if i ¼ j; andã ij ¼1;3;5;7;9 or1 À1 ;3 À1 ;5 À1 ;7 À1 ;9 À1 , if i 6 ¼ j.
Step 2. For economical criteria cluster; apply FROV as follows:
Step 2.1. Calculate allS i;j values by Eq. (4.12) for fuzzy real options value.
Step 2. Calculation of index I ðwÞ is the key factor in this method and the method can be applied to both triangular and trapezoidal fuzzy numbers. Using Eq. (5.3) in triangular fuzzy numbers is as easy as winking.
Step 2.3. Compute allc i;j values by Eq. (4.14), till¯ndingc 0;0 value. This value is FROV of one alternative.
Step 2.4. Repeat Steps 2.1-2.3 for each alternative and¯nd all alternatives' FROVs.
Step 2.5. Defuzzify the values in Step 2.4 by Eq. (3.1) and normalize these values for integrating fuzzy ANP as weight.
Step 3. Apply Eqs. (5.4) and (5.5) to obtain the fuzzy local priorities of criteria.
. . . ; n; ð5:4Þ
whereã ij is the fuzzy comparison value of criterion i to criterion j,r i is the geometric mean of fuzzy comparison value of criterion i to each criterion j, andw i is the fuzzy priority or the weight of the ith criterion.
Step 4. Transform the fuzzy values into crisp values by using Eq. (3.1).
Step 5. Construct the supermatrix as in Eq. (3.2).
Step 6. Normalize each column of the supermatrix to obtain the weighted supermatrix.
Step 7. Raise this weighted supermatrix to a large power until all its columns are the same.
Step 8. Rank the alternatives in descending order according to their¯nal priority weights obtained in Step 7.
An Application of the Proposed Approach to a Retail Location Selection Problem
The main problem is selecting the best supermarket location among three alternatives named Beşiktaş (Ortak€ oy), Çekmek€ oy, and Halkalı. Each of these locations is a candidate for a supermarket opening in which more than 10,000 di®erent types of products are to be sold, and each of which will have a sales area over 1000 m 2 .
The evaluation criteria for location selection problems are classi¯ed into various categories in the literature as presented before. Considering these works and by applying Delphi method to the¯ve experts from three di®erent supermarket retailers who have at least 12 years of experience in supermarket retailing, we produce six clusters named alternatives, competition, environmental, FROV, site/ store, transportation/accessibility and 17 criteria. Table 2 presents the criteria and the relations. Based on the experience and knowledge, the decision maker makes the necessary pairwise comparisons by using the fuzzy comparison scale given in Table 1 .
The clusters and the included criteria re°ect the relationships between the spatial attributes and the overall output or performance. Especially environmental and the competition clusters are aimed at revealing the sales performance like customer number, sales, and revenue.
Network considering all clusters and criteria with three alternatives is illustrated in Fig. 3 . This network is developed in Super Decisions software. The¯rst step of the proposed method is constructed with the rehearsals above. Then the second step of the algorithm can be applied as follows:
The¯nancial costs for each location alternatives gathered from the¯rm are listed in Table 3 . And the expected incomes for the¯rst year after the opening of the store are listed in Table 4 .
One can easily compute the followingS 0 andX values for each alternative with a tax rate 25% as illustrated in Table 5 .
The investment period T is¯ve years for both alternatives. For the annualized continuously compounded rate on a safe asset; the company will make a portfolio that contains¯ve year Treasury bond interest rate belonging Central Bank of the Republic of Turkey, and the other instruments (bonds, stocks, etc.). This portfolio's expected rate of return is 10.29%.
For the value lost over the duration of the option, the estimated value will be used. The value lost over the duration of the option means the entrance of the competitors to the market, so at this time in Turkey, there are many competitors in supermarket sector. That is why we take the value in this manner, however in the latest days, there may be bankruptcies or new foundations. In this study the future big competitors' entrance to the chosen location area will be considered. The existing competitors' decreasing pro¯t is included in expected revenues. The experts guessed Expected incomes after the opening of the retailer (420,000, 780,000, 1380,000) (360,000, 600,000, 1020,000) (330,000, 510,000, 900,000) That process has to be applied for other alternatives and after¯nding the other values as below, according to Step 2.5 the normalization of these values has to be put into practice as seen in Table 6 .
In the third step, the fuzzy local priorities of criteria are to be calculated. 31 di®erent pairwise comparisons have to be performed and Eqs. (5.4) and (5.5) have to Table 8 . Fuzzy priorities of criteria C12, C13, and C14 w.r.t. \Beşiktaş" node in \Competition" cluster. be applied for each of these 31 pairwise matrices. In Table 7 , one of these pairwise comparison matrices is given as an example. By applying Eqs. (5.2) and (5.3) successively, the fuzzy priority values given in Table 8 are obtained.
Having performed the same for all the rest of pairwise comparison matrices and having defuzzi¯ed the fuzzy values, the unweighted supermatrix can now be constructed. After applying column normalization to the unweighted supermatrix, the weighted supermatrix is evaluated. Table 9 gives the limiting priorities or importance criteria, and also the preference of alternatives. These values are taken from the limit supermatrix which is obtained by raising the weighted supermatrix to its powers (see Appendix A for supermatrix).
According to the limiting priorities in Table 9 , FROV, competition and environmental clusters are the main determinants of the supermarket location selection problem. Especially,¯nancial analysis (FROV, 34.15%), location of competitors (6.36%), competition density (5.63%) and retail expenditure (3.61%) are more important than the other evaluation criteria. The preferences for the alternatives are 52.49% for Beşiktaş, 25.38% for Halkalı and 22.13% for Çekmek€ oy. Thus, Beşiktaş of which preference is more than the total of other alternatives' preferences is the best supermarket location among all the alternatives.
Conclusion
This paper presents a new approach called the fuzzy real options value integrated fuzzy ANP method for retail location selection problems. The retail sector speci¯c location selection criteria which were derived from literature are determined as a result of the interviews with the experts. Due to the dependency between criteria and vagueness, fuzzy ANP is used as the multi-criteria method. The signi¯cant contribution of the proposed approach is that it integrates the¯nancial dimension (FROV) of the location problem methodologically with the multi-criteria characteristic (FANP) of the problem. Another importance of this study is the¯rst usage of real options valuation in the area of location selection science. Although mathematical modeling and forecasting methods mainly focus on obtaining results based on one of the mostly used objectives like maximizing the sales revenue, pro¯tability, or customer number, the proposed approach gives results not only based on one or two sales performance related objectives but also includes other dimensions in a holistic manner.
The presented approach is applied successively to a real-world problem of selecting the best supermarket location among three alternative locations. Since this approach makes it possible to determine the weights or importance of the evaluation criteria, this can help the retail sector experts better understand the nature of their business. One of the practical implications of this study is that the presented network framework can be used with some modi¯cations in other location selection decisions (either public or private sector) rather than retail sector. Another one can be applying the o®ered methodology to other multi-criteria selection problems that require the evaluation of economic and risky aspect.
For future research, usage of the fuzzy real option value with other MCDM methods and comparing them with the results of this study can be o®ered. In addition, for theoretical studies, the test of consistency for pairwise comparison matrices of ANP method under fuzzy environment may be a promising area. Although there are some recent important studies related to identify the inconsistent elements and to improve the consistency ratio in crisp AHP/ANP methods, for detailed information the readers could glance at the papers in Refs. 61 and 62, there is not enough study for fuzzy forms of these methods. 
